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ABSTRACT
Background independence of noncommutative Yang-Mills theory on Rn is dis-
cussed. The quantity θFˆ θ − θ is found to be background dependent at subleading
order, and it becomes background independent only when the ordinary gauge field
strength F is constant. It is shown that, at small values of B, the noncommutative
Dirac-Born-Infeld action possesses Λ-symmetry at least to subleading order in θ if
F damps fast enough at infinity.
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1 Introduction
Recently, Seiberg and Witten observed that ordinary and noncommutative gauge fields can be
induced by the same 2D σ-model action regularized in different ways [1]. Then they argued that
ordinary gauge fields should be equivalent to noncommutative gauge theory, which, in a certain
limit, acts as the low energy effective theory of open stings. Furthermore, they conjectured
that the noncommutative effective Lagrangian takes the same form as the ordinary Dirac-
Born-Infeld (DBI) action for the D-brane, except that the product of functions is replaced by
the star product and Lorentz indices are contracted by the open-string metric G instead of the
closed-string metric g. The explicit transformation between the ordinary gauge field A and the
noncommutative one Aˆ was given up to order θ [1]. Even at this order there is an ambiguity
in the general transformation between A and Aˆ, which, however, can be removed by a field
redefinition of the noncommutative gauge field [2].
The classical σ-model action in a B-field background has two abelian symmetries: One is the
U(1) gauge symmetry A→ A+d λ, and the other is the “Λ-symmetry” A→ A−Λ, B → B+dΛ,
which keeps B + F invariant. In [3] it was argued that the U(1) gauge symmetry is enhanced
to a U(N) when N D-branes coincide, while the Λ-symmetry is believed to act on the U (1)
part of the U (N) symmetry. In the ordinary DBI Lagrangian, the Λ-symmetry is manifest. So
it is natural to ask, whether the noncommutative gauge theory has Λ-symmetry or not if its
ordinary counterpart has this symmetry.
In ref. [1] background independence of noncommutative Yang-Mills theory on Rn was
considered. In ordinary Yang-Mills theory, the gauge-invariant combination of B and F is
M = B + F . The same gauge invariant field M can be split in different ways as B + F or
B′ + F ′. In [1], it was shown that the noncommutative Yang-Mills theory on Rn is invariant
under those different splitting, which was called background independence of the noncommu-
tative Yang-Mills theory. Of course this is nothing but the Λ-symmetry in the context of the
noncommutative Yang-Mills theory. What Seiberg and Witten did in [1] is that they analysed
the Λ-symmetry in the framework of ordinary Yang-Mills theory on noncommutative spacetime.
Since the ordinary gauge theory on noncommutative spacetime is supposed to be equivalent to
1
noncommutative gauge theory on commutative (i.e., ordinary) spacetime [4], it is interesting to
see how Λ-symmetry is realized in noncommutative Yang-Mills theory on ordinary spacetime.
In the present paper we discuss the background independence of noncommutative Yang-
Mills theory on Rn from the point of view of the noncommutative gauge theory on ordinary
spacetime. We first give the explicit expression for the transformation between ordinary U (1)
gauge fields and noncommutative ones up to second order in θ,1 which can be obtained from the
differential equation given in [1]. We check the Λ-symmetry of the noncommutative Yang-Mills
theory on Rn up to subleading order. We find that for the noncommutative Yang-Mills field
on ordinary spacetime, the quantity Q = θFˆ θ − θ is background dependent for general F , and
only when F is constant we have Q = − (B + F )−1 which is background independent. The
measure dnx
√
G/g2YM varies with θ, but the noncommutative Yang-Mills action is invariant
under Λ-symmetry if the ordinary field strength F damps fast enough at infinity. We further
show that the noncommutative DBI action has Λ-symmetry in the case of small B (i.e., small
θ) up to subleading order. All of this indicates that noncommutative gauge theories, which act
as low energy effective theories of open strings, indeed possess Λ-symmetry.
The paper is organized as follows. In the next section, we first give the expression for
the noncommutative field strength Fˆ (Aˆ) in terms of the ordinary A and F up to order θ2.
We examine the quantity Q and the measure dnx
√
G/g2YM in the context of noncommutative
gauge theory on ordinary spacetime. We show that the noncommutative Yang-Mills action
is background independent. In section 3, we check Λ-symmetry for the noncommutative DBI
action for small values of B. In section 4, we present our summary and discussion.
2 Background independence of noncommutative Yang-
Mills theory on Rn
Demanding that ordinary gauge fields that are gauge-equivalent are mapped to noncommutative
gauge fields that are likewise gauge-equivalent, the transformation between the noncommutative
1 The expression for Aˆ in terms of A up to order θ2 was given in [5].
2
gauge field Aˆ and the ordinary A can be described by [1]
Aˆ (A) + δλˆ Aˆ (A) = Aˆ (A+ δλA) (1)
with infinitesimal λ and λˆ (λ,A) .
The equation (1) can be solved by expanding it in powers of the noncommutative parameter
θ. The differential equations, which describe how Aˆ (θ) and λˆ(θ) should change when θ varies,
are given by [1]
δAˆi (θ) = −1
4
δθkl
[
Aˆk ∗
(
∂lAˆi + Fˆli
)
+
(
∂lAˆi + Fˆli
)
∗ Aˆk
]
(2)
δλˆ (θ) =
1
4
δθkl
(
∂kλˆ ∗ Aˆl + Aˆl ∗ ∂k λˆ
)
(3)
δFˆij(θ) =
1
4
δθkl
[
2Fˆik ∗ Fˆjl + 2Fˆjl ∗ Fˆik − Aˆk ∗
(
Dˆl Fˆij + ∂lFˆij
)
−
(
Dˆl Fˆij + ∂lFˆij
)
∗ Aˆk
]
(4)
Replacing Aˆ by A on the right side of the above equations, we get the solutions up to order θ,
and for U (1) gauge fields we have.2
Aˆ
(1)
i = Ai −
1
2
θklAk (∂lAi + Fli) +O
(
θ2
)
Fˆ
(1)
ij = Fij − θkl (Fik Flj + Ak∂lFij) +O
(
θ2
)
(5)
Inserting Aˆ(1) and Fˆ (1) into the right hand side of equations (2) and (4) we obtain Aˆ and Fˆ up
to order θ2,
Aˆi = Ai − 1
2
θklAk (∂lAi + Fli) +
1
2
θklθmn {Ak [∂lAm∂nAi − (∂lFmi)An + FlmFni]}+O
(
θ3
)
, (6)
Fˆ = F − FθF − θklAk∂lF + Tθ2 +O
(
θ3
)
(7)
with
Tθ2 = FθFθF + 1
2
Akθ
kl (∂lAm + Flm) θ
mn∂nF + θ
klAk∂l(FθF ) +
1
2
θklθmnAkAm∂l∂nF. (8)
2 We are interested in Aˆ, especially in Fˆ , so we do not calculate λˆ.
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To obtain eqs. (6-8), we solved eqs. (2) and (4) perturbatively, and we treat the ordinary F as
θ independent, which is different from the following discussion about Λ-transformations, where
F will vary with θ.
Now let us consider noncommutative Yang-Mills theory on Rn. The action is [1]
Lˆ =
1
g2YM
∫
dnx
√
GGikGjl
(
Fˆij − θ−1ij
)
∗
(
Fˆkl − θ−1kl
)
(9)
with G and θ defined by
θ = B−1, G = −Bg−1B, (10)
where we have put 2piα′ = 1 for simplicity. Ignoring total derivatives and constant terms we
rewrite the action (9) as
Lˆ = − 1
g2YM
∫
dnx
√
GTr
(
QˆgQˆg
)
(11)
with
Qˆ = θFˆ θ (12)
Hence it is sufficient to show that the action (11) is background independent.
Consider the Λ-transformation, defined by
F → F − δB = F + θ−1δθθ−1, (13)
which keeps F + B invariant. From (10) we know that under a Λ-transformation θ changes
as θ → θ + δθ, while the ordinary field strength F transforms as F → F + θ−1δθθ−1. Here we
should point out that, even for small θ, we will assume δθ ≪ θ, and of course we only need to
keep terms linear in δθ.
Under a Λ-transformation Fˆ changes as
Fˆ (θ + δθ) = F + θ−1δθθ−1 − (F + θ−1δθθ−1) (θ + δθ) (F + θ−1δθθ−1)
−
[
Ak − 1
2
(
θ−1δθθ−1
)
ks
xs
]
(θ + δθ)kl ∂lF
+ T(θ+δθ)2 +O
[
(θ + δθ)3
]
(14)
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Collecting the terms linear in δθ we thus obtain
δFˆ (θ) = θ−1δθθ−1 − θ−1δθF − Fδθθ−1 − FδθF
− 1
2
(
δθθ−1
)l
s x
s∂lF − Akδθkl ∂lF +Hδθ + higher order terms, (15)
where Hδθ represents the δθ order terms coming from T(θ+δθ)2 − Tθ2 , which is obtained by
replacing one of the F ’s by θ−1δθθ−1 or an Ai by −12 (θ−1δθθ−1)ij xj in Tθ2 . It has the form
Hδθ = θ
−1δθFθF + FδθF + FθFδθ θ−1
+
1
4
(
δθ θ−1
)l
k x
k (∂lAm + Flm) θ
mn∂nF
+
3
4
Akδθ
kl∂lF +
1
2
(
δθθ−1
)l
k x
k∂l (FθF )
+ Akθ
kl∂l
(
θ−1δθF + Fδθθ−1
)
+
1
2
(
δθθ−1
)l
k x
kθmnAm∂l∂nF (16)
Inserting (16) into (15), then δFˆ can be written as
δFˆ (θ) = θ−1δθθ−1 − θ−1δθF − Fδθθ−1 − 1
2
(
δθθ−1
)l
k x
k∂lF
− 1
4
Akδθ
kl∂lF + θ
−1δθFθF + FθFδθθ−1
+
1
4
(
δθθ−1
)l
k x
k (∂lAm + Flm) θ
mn∂nF
+
1
2
(
δθθ−1
)l
k x
k∂l (FθF )
+ Akθ
kl∂l
(
θ−1δθF + Fδθθ−1
)
+
1
2
(
δθθ−1
)l
k x
kθmnAm∂l∂nF, (17)
where the leading order term is θ−1δθθ−1 (θ−2δθ) , the subleading order term is θ−1δθ and the
third order term is δθ. Since the leading order term θ−2δθ gives a trivial contribution to the
variation of the noncommutative Yang-Mills Lagrangian, the subleading order term θ−1δθ is
enhanced to the nontrivial leading order and the δθ terms are lifted to subleading order.
Before proceeding, we would like to compare δFˆ (θ) defined in (17) with the variation δFˆ (θ)
in (4), which describes the variation of Fˆ under a change of the noncommutative parameter θ
with the ordinary field strength F kept fixed. Under a Λ-transformation, on the other hand,
θ changes, and the ordinary field strength varies simultaneously to keep B + F invariant. In
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(17), when we vary θ (induced by changing B) we keep gs and g fixed, and we are sticking with
point-splitting regularization. In [1], Seiberg and Witten argued that one can use a suitable
regularization which somehow interpolates between Pauli-Villars and point-splitting, then one
can vary θ while holding gs, g and B fixed. Thus δFˆ defined in (17) is conceptually different
from (4).
The variation of the quantity Qˆ defined in (12) is
δQˆ = δθ − 1
2
(
δθθ−1
)l
k x
k∂l (θFθ) +
{
−1
4
Akδθ
kl∂l (θFθ)
+
1
4
(
δθθ−1
)l
k x
k (∂lAm + Flm) θ
mn∂n (θFθ)
+
1
2
(
δθθ−1
)l
k x
k∂l (θFθFθ) +
1
2
(
δθθ−1
)l
k x
kAmθ
mn∂l∂n (θFθ)
}
, (18)
where the first term is of order δθ, the second is of order θδθ, and the terms in the bracket are
of the order of θ2δθ.
The noncommutative Yang-Mills action (11) can be recast into
Lˆ =
1
gs
∫
dnx det −
1
2θ Tr
(
QˆgQˆg
)
, (19)
where we have exploited the θ dependence of g2YM [1] and omitted an irrelevant numerical
factor. Since we study the noncommutative Yang-Mills theory on ordinary spacetime Rn, the
measure dnx is invariant under the change of θ. Then the variation of the noncommutative
Yang-Mills action is
δLˆ =
2
gs
∫
dnx det −
1
2 θ δS + higher order terms (20)
with
δS = δS1 + δS2 = −1
4
(
Tr θ−1δθ
)
Tr
(
QˆgQˆg
)
+ Tr
[(
δQˆ
)
gQˆg
]
(21)
where δS1 and δS2 represent the leading and the subleading order, respectively.
Since Fˆ is a total derivative for U(1) gauge fields, δθ in δQ can be thrown away up to a
total derivative. The leading order term in δS is of order θ3δθ, and the subleading order is θ4δθ.
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At first, let us examine the leading order term δS1 with
δS1 = −1
4
Tr θ−1δθ Tr (θFθgθFθg)
−1
2
Tr
{(
δθθ−1
)l
k x
k [∂l (θFθ)] gθFθg
}
= −1
4
Tr (θ−1δθ) Tr (θFθgθFθg)
−1
4
Tr
{(
δθθ−1
)l
k x
k
[
∂l (θFθg)
2]}
= total derivative (22)
where from the second step to the last one we have integrated by parts. Eq. (22) indicates
that the noncommutative Yang-Mills action is background independent at leading order if the
ordinary gauge field A damps fast enough at the infinity.
Next we consider the subleading term δS2, which is of order θ
4δθ,
δS2 = −1
4
Tr θ−1δθ × 2Tr [θFθgθ (−FθF − Akθkl∂lF ) θg]
+Tr
[
−1
2
(
δθθ−1
)l
k x
k∂l (θFθ) gθ (−FθF − Amθmn∂nF ) θg
]
+ Tr
{[
−1
4
Akδθ
kl∂l (θFθ) +
1
4
(
δθθ−1
)l
k x
k (∂lAm + Flm) θ
mn∂n (θFθ)
+
1
2
(
δθθ−1
)l
k x
k∂l (θFθFθ) +
1
2
(
δθθ−1
)l
k x
kAmθ
mn∂l∂n (θFθ)
]
gθFθg
}
. (23)
Putting similar terms together we have
δS2 =
1
2
(
δθθ−1
)l
k x
kAmθ
mn∂l Tr [∂n (θFθg) θFθg]
− 1
8
(
Tr θ−1δθ
)
(Tr θF )Tr (θFθgθFθg)
+
1
16
(Tr δθF )Tr (θFθgθFθg)
+
1
4
(
δθθ−1
)l
k
xk (∂mAl) θ
mn∂n [Tr (θFθgθFθg)]
− 1
8
(
δθθ−1
)l
k
xk (∂mAl) θ
mn∂n [Tr (θFθgθFθg)] (24)
After integration by parts, we get
δS2 = total derivative (25)
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which shows that under Λ-transformation the noncommutative Yang-Mills Lagrangian is in-
variant up to a total derivative also at the subleading order.
To compare our result with those in ref. [1], we define the quantity Q by
Q = Qˆ− θ = θFˆ θ − θ (26)
Under a Λ-transformation, the variation of Q can be obtained from (18) and is given by
δQ = −1
2
(
δθθ−1
)l
k x
k∂l (θFθ)− 1
4
Akδθ
kl∂l (θFθ)
+
1
4
(
δθθ−1
)l
k x
k (∂lAm + Flm) θ
mn∂n (θFθ)
+
1
2
(
δθθ−1
)l
k x
k∂l (θFθFθ) +
1
2
(
δθθ−1
)l
k x
kAmθ
mn∂l∂n (θFθ)
+ higher order terms (27)
which shows that the quantity Q is not invariant under Λ-transformation for general ordi-
nary field A up to the subleading order term, but when F is constant, we see δQ = 0 +
higher order terms, and in this case Q can be expressed as [1]
Q = − 1
B + F
, (28)
where F is constant.
What we have learned from the above discussion is that when we consider the noncommu-
tative Yang-Mills theory on ordinary spacetime, the quantity Q generally is not background
independent, and the measure
dnx
√
G
g2YM
(29)
should also be background dependent. However, the total noncommutative Yang-Mills action
is background independent if the ordinary gauge field damps fast enough at infinity. Because
of the equivalence between ordinary gauge theory on noncommutative spacetime and noncom-
mutative gauge theory on commutative (i.e., ordinary) spacetime [4], we believe that in the
context of ordinary gauge theory on noncommutative spacetime, the quantity Q and the mea-
sure dnx
√
G/g2YM are background independent individually, which is what Seiberg and Witten
showed in ref. [1].
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3 Λ-symmetry in the noncommutative DBI theory
In section 2 we have analyzed the Λ-symmetry of noncommutative Yang-Mills theory, now we
turn to the noncommutative DBI theory. The open string metric and the noncommutative
parameter θ are related to the closed-string metric g and the constant background field B by
[1]
G = g − Bg−1B, θ = − 1
g +B
B
1
g − B (30)
The explicit expression for the mapping between noncommutative gauge fields and ordinary
ones is valid only for small θ, so we have to restrict our discussion to this situation. From
(30) we see that there are two possibilities to get a small value for θ: Either B is very large
compared to g, or it is much smaller than g. In the case of large B, as argued in [1], the double
scaling limit should be imposed to make the model have proper sense, then the corresponding
noncommutative DBI theory is reduced to the noncommutative Yang-Mills theory. Hence we
only consider the noncommutative DBI theory for small B. Since at small B
θ = −g−1Bg−1 + (g−1B)3 g−1 +O (B4) (31)
and the B2 term is absent, we will see below that it is good enough to use θ = −g−1Bg−1 if we
calculate to subleading order. Then we have
B = −gθg, G = g − gθgθg, Gs = gs det 12
(
1 + g−1B
)
(32)
and their variations under a Λ-transformation are
δB = −gδθg, δG = − (gδθgθg + gθgδθg)
δGs = −1
2
gs det
1
2
(
1 + g−1B
)
Tr (θgδθg) (33)
Under a Λ-transformation F → F + gδθg and the noncommutative gauge field strength is
Fˆ (θ + δθ) = F + gδθg − (F + gδθg) (θ + δθ) (F + gδθg)
−
[
Ak − 1
2
(gδθg)ks x
s
]
(θ + δθ)kl ∂lF + T(θ+δθ)2
+ higher order terms
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The variation of Fˆ under a Λ-transformation is defined by
δFˆ (θ) = Fˆ (θ + δθ)− Fˆ (θ) = gδθg − FδθF −Akδθkl∂lF
− gδθgF − Fθgδθg + 1
2
(gδθg)ks x
sθkl∂lF +Kθδθ (34)
where the leading and subleading terms are the orders of δθ, θδθ respectively, and Kθδθ repre-
sents the θδθ order terms coming from T(θ+δθ)2 − Tθ2 , which can be obtained by replacing one
of the θ’s by δθ in Tθ2 . It can be written as
Kθδθ = FδθFθF + FθFδθF +
1
2
Akδθ
kl (∂lAm + Flm) θ
mn∂nF
+
1
2
Akθ
kl (∂lAm + Flm) δθ
mn∂nF
+ Akδθ
kl∂l (FδF ) + Akθ
kl∂l (FδθF ) +
δθklθmnAkAm∂l∂nF. (35)
Using eqs. (33)–(34), δG+ δFˆ can be expressed to subleading order as
δG+ δFˆ = P1 (δθ) + P2 (θδθ) , (36)
where P1 (δθ) and P2 (θδθ) represent the terms with the orders of δθ and θδθ. They are given
by
P1 (δθ) = gδθg − FδθF −Akδθkl∂lF (37)
P2 (θδθ) = −gδθgθ (g + F )− (g + F ) θgδθg
+
1
2
(gδθg)ks x
sθkl∂lF + FδθFθF + FθFδθF
+
1
2
Akδθ
kl (∂lAm + Flm) θ
mn∂nF
+
1
2
Akθ
kl (∂lAm + Flm) δθ
mn∂nF + Akδθ
kl∂l (FθF )
+ Akθ
kl∂l (FδθF ) + δθ
klθmnAkAm∂l∂nF (38)
The matrix
(
G+ Fˆ
)
−1
and the square root of the determinant of G + Fˆ , written in terms of
g and F to subleading order, are
1
G+ Fˆ
=
1
g + F
[
1 +
(
FθF + θklAk∂lF
) 1
g + F
]
det
1
2
(
G + Fˆ
)
= det
1
2 (g + F )
{
1− 1
2
Tr
[
1
g + F
(
FθF + Akθ
kl∂lF
)]}
(39)
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where the θ2 term in G is omitted.
The noncommutative DBI Lagrangian is given by [1]
LˆDBI
(
Aˆ
)
=
1
Gs
det
1
2
(
G+ Fˆ
)
. (40)
The variation of LˆDBI under a Λ-transformation is
δLˆDBI = 1
2Gs
det
1
2
(
G+ Fˆ
) [
−2δGs
Gs
+ Tr
1
G+ Fˆ
(
δG+ δFˆ
)]
. (41)
Inserting (32), (33) and (36)–(39) into (41), we have, to subleading order,
δLˆDBI = 1
2Gs
det
1
2 (g + F )
{
1− 1
2
Tr
[(
FθF + θklAk∂lF
) 1
g + F
]}
×Tr
{
θgδθg +
1
g + F
P1 (δθ) +
1
g + F
[
P2 (θδθ)
+
(
FθF + θklAk∂lF
) 1
g + F
P1 (δθ)
]}
+ higher order terms
=
1
2Gs
(δL1 + δL2) + higher order terms, (42)
where δL 1 is of order δθ, and δL 2 is of order θδθ. We find
δL 1 = det 12 (g + F ) Tr 1
g + F
P1 (δθ) , (43)
δL 2 = det 12 (g + F )
{
−1
2
[
Tr
1
g + F
(
FθF + θklAk∂lF
)]
.
[
Tr
1
g + F
P1 (δθ)
]
+ Tr
(
θgδθg +
1
g + F
[
P2 (θδθ) +
(
FθF + θklAk∂lF
) 1
g + F
P1 (δθ)
])}
. (44)
First we examine the leading order term δL 1. Inserting (37) into (43) we get
δL 1 = det 12 (g + F )Tr 1
g + F
(
gδθg − FδθF − Akδθkl∂lF
)
= det
1
2 (g + F )Tr
[
1
g + F
(gδθg − FδθF ) + δθF
]
+ total derivative, (45)
where in the second step we used
det
1
2 (g + F ) Tr
1
g + F
∂lF = 2∂l det
1
2 (g + F ) (46)
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and then integrated by parts. Eq. (45) can be further reduced to
δL 1 = det 12 (g + F )Tr (δθg) + total derivative
= total derivative, (47)
where we have exploited that δθ is an antisymmetric matrix and that g is symmetric, thus
Tr (δθg) = 0.
Eq. (47) shows that under a Λ-transformation the leading order term of the variation of
the noncommutative DBI Lagrangian is a total derivative.
Next we consider the subleading order term δL 2. Plugging (37) and (38) into (44) we get
δL2 = det 12 (g + F )
{
−1
2
[
Tr
1
g + F
(gδθg − FδθF −Akδθkl∂lF )
] [
Tr(FθF + θklAk∂lF )
1
g + F
]
+Tr
(
θgδθg +
1
g + F
[
−gδθgθ(g + F )− (g + F )θgδθg + 1
2
(gδθg)ks x
sθkl∂lF
+FδθFθF + FθFδθF +
1
2
Akδθ
kl(∂lAm + Flm)θ
mn∂nF +
1
2
Akθ
kl(∂lAm + Flm)δθ
mn∂nF
+Akδθ
kl∂l(FθF ) + Akθ
kl∂l(FδθF ) + δθ
klθmnAkAm∂l∂nF
]
+
1
g + F
(FθF + θklAk∂lF )
1
g + F
(gδθg − FδθF −Amδθmn∂nF )
)}
(48)
δL 2 seems quite complicated. The strategy that we will use to simplify δL 2 is to exploit (46)
and the equation
2∂l∂n det
1
2 (g + F ) = det
1
2 (g + F )
[
1
2
(
Tr
1
g + F
∂lF
)(
Tr
1
g + F
∂nF
)
− Tr
(
1
g + F
∂lF
1
g + F
∂nF
)
+ Tr
1
g + F
∂l∂nF
]
, (49)
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and then integrate by parts, keeping terms like ∂l (FθF ) unchanged. Then we have
δL 2 = det 12 (g + F )
{
−1
2
[
Tr
1
g + F
(gδθg − FδθF )
]
.
(
Tr
1
g + F
FθF
)
+ ∂l
[
Akθ
kl Tr
1
g + F
(gδθg − FδθF )
]
− ∂l
(
Akδθ
klTr
1
g + F
FθF
)
+ 2∂l∂n
(
AkAmδθ
klθmn
)− Tr (θgδθg)
− (gδθg)ks (∂l xs) θkl + Tr
1
g + F
[FδθFθF + FθFδθF
+ Akδθ
kl∂l (FθF ) + Akθ
kl∂l (FδθF )
]
− δθklθmn∂n [Ak (2∂lAm − ∂mAl)]− θklδθmn∂n [Ak (2∂lAm − ∂mAl)]
+ Tr
1
g + F
FθF
1
g + F
(gδθg − FδθF )− Tr 1
g + F
FθF
1
g + F
Akδθ
kl∂lF
+ Tr
1
g + F
θklAk∂lF
1
g + F
(gδθg − FδθF )
}
+ total derivative. (50)
After a straightforward calculation with many cancellations we are left with
δL 2 = Tr
[
−FδθFθ + 1
g + F
(FδθFθF + FθFδθF )
+
1
g + F
FθF
1
g + F
(gδθg − FδθF )
]
+ total derivative. (51)
If we rewrite gδθg − FδθF as
gδθg − FδθF = − (g + F ) δθ (g + F ) + (g + F ) δθg + gδθ (g + F ) (52)
we can further simplify (51) and obtain
δL 2 = total derivative, (53)
which shows that the subleading order term of the variation of the noncommutative DBI La-
grangian is a total derivative under Λ-transformations.
From the above calculation we have seen that the check of the Λ-symmetry for the non-
commutative DBI action is high nontrivial, and we believe that if the ordinary gauge theory
has Λ-symmetry, the corresponding noncommutative gauge theory should also possess this
symmetry.
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4 Summary and discussions
So far we have examined the Λ-symmetry of noncommutative Yang-Mills theory on Rn. We
have calculated the variation of the noncommutative Yang-Mills Lagrangian including the sub-
leading order terms. We have found that the leading and subleading order terms in the variation
of the Lagrangian are total derivatives, which indicates that the noncommutative Yang-Mills
action is background independent if the ordinary gauge field damps fast enough at infinity. In
the context of noncommutative Yang Mills theory on ordinary spacetime, we have shown that
the quantity Q defined in [1] is not background independent for a general gauge field A. Only
if the field strength F takes the constant value, the quantity Q is background independent. For
the noncommutative DBI theory we have found that for small B the variation of the noncom-
mutative DBI Lagrangian under a Λ-transformation is a total derivative to subleading order.
Thus, when the ordinary gauge field damps fast enough at the infinity, the noncommutative
DBI action possesses Λ-symmetry, which is different from the ordinary DBI theory, where the
Lagrangian is manifestly Λ-symmetric. Since our check for Λ-symmetry of noncommutative
gauge theories, which act as the low energy effective theories of D-branes, is highly non-trivial,
we conclude that if the ordinary gauge theory has Λ-symmetry, its noncommutative counterpart
should also possess this symmetry.
In the present paper, the Λ-transformation is realized in the framework of ordinary gauge
fields, that is, we express δFˆ in terms of A, F and θ, so that our discussion has to be re-
stricted to small values of θ. It would be interesting to see whether it is possible to discuss
Λ-transformations on noncommutative gauge field directly. In [6] it has been shown that Λ-
symmetry could be modified in the presence of the B−field, similarly to the λ-symmetry. Under
this deformed Λ-transformation, the B-field transforms as: B → B+dΛ+ i{Λ, A}MB. It would
be interesting to study the relation between the deformed Λ-transformation and the present
one explicitely.
Recently, a hybrid point splitting regularization that leads to the Seiberg-Witten description
including the general two-form Φ was found [7]. This suggests an investigation about how the Λ-
transformation works in the presence of the general two-form Φ, since in this case we have more
14
freedom for the description [1], which now can be realized within the standard renormalization
scheme by some freedom in changing variables. We hope to answer these questions in the near
future.
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